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Pestome. Ilean. llenp uccnenoBaHusi COCTOUT B pa3pabOTKE METOAMKH TOTYUYEHHS
AQHAJIMTUYECKOTO PELICHUS 3a/1a41 TEIUIONPOBOJHOCTH ISl 2-X CIOMHOM IJIACTUHBI IPU TPAaHUYHBIX
ycioBusix 1-ro poga. Meroa. B ocHOBY MeToza UCCII€IOBaHUS MIOJOXKEH MUHTErPajIbHbIH METOA.
[Ipn »toM BBOAMTCS amononHuTenbHas QyHkuusa ([AP), nomonHUTENbHBIE KpaeBble YCIOBUS
(AKY) u nokanbHble cucTeMbl KOOpAUHAT. JID onucsiBaeT TeMneparypy BO BpeMEHU B OJHOMN U3
TOYEK JIByXCIOMHOU cucTeMbl. Ee NCIIoIb30BaHUE CBOJUT YPABHEHUE B YACTHBIX IIPOU3BOJAHBIX K
0OBIKHOBEHHOMY ypaBHEHHIO. JIKY 1MO3BOJISIOT BBITIOJHUTE ypaBHEHUS HA TpaHuIax. Pe3yabrar.
[Toka3zaHo, 4YTO yIOBIETBOPEHUE YPABHEHNI HA TPAHULIAX IPUBOJUT K MX BBINOJIHEHUIO U BHYTPU
obnactu. OTMETHM, YTO JOMIOJHHUTEIbHbBIC KPACBbIC YCIOBHUS BBHIIOIHAIOTCS MPH JIIOOOM JIPyTroM
METO/Ie TOJYyUYEHUS] aHATUTUYECKUX pelieHnd. OTInYKe JIUIIb B TOM, YTO OHU HE PUHUMAIOTCS
B BUJI€ YCIIOBUH, MOAJIEKAIIUX OTACIBHOMY paccMOTpeHHIo. JlonoaHuTenbHas QYHKLIUS TaKxke
SIBJIIETCS BEJIMUYMHON, KOTOPAs ONPEAEIAeTCs PU JII0OOOM JIPYTrOM METOJIE MOJIyYEHUs PELICHUS.
OTnuyne JUIIb B TOM, YTO OHA HE BBIJIEISIETCS ISl OTAEIBHOTO paccMoTpeHus. BoiBoa. MoxHO
KOHCTaTUpPOBAaTh, YTO BBEJICHHUE TOTIOJHUTEIBHON (D)YHKLMH U TOTIOJIHUTENIBHBIX KPAEBbIX YCIOBUN
HE MCKA)KaeT UCXOAHYIO IIOCTAHOBKY 3aJla4M W SIBJISICTCS JIUIIb CPEICTBOM I CYLIECTBEHHOIO
YIOPOIIEHHUS IpoLecca MOIyYeHUs TPUOIMKEHHOTO aHATMTUYECKOTO PEIIeHNs] 1 OKOHYAaTeIbHOTO
BBIPAXCHMSI U1l HETO.

KaroueBble cj10Ba: MHOTOCIOWHBIE KOHCTPYKIMH, IOMONHHUTENbHas ¢yHkuus, KV,
HHTErpaibHbI METO/, JIOKaJbHbIE KOOPAUHATHI, IPUOIMKEHHOE PEIICHHUE.
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Additional functions and additional boundary conditions in heat conduction problems
for multilayer bodies
R.M. Klebleev
Samara State Technical University,
244 Molodogvardeyskaya St., Samara 443100, Russia

Abstract. Objective. The purpose of the study is to develop a technique for obtaining
an analytical solution to the thermal conductivity problem for a 2-layer plate under boundary
conditions of the 1st kind. Method. The research method is based on the integral method. In this
case, an additional function (DF), additional boundary conditions (ABC) and local coordinate
systems are introduced. The DF describes the temperature over time at one of the points of the two-
layer system. Its use reduces the partial differential equation to an ordinary equation. DKUs allow
you to perform equations on boundaries. Result. It is shown that satisfying the equations on the
boundaries leads to their fulfillment inside the domain. Note that additional boundary conditions
are satisfied for any other method of obtaining analytical solutions. The only difference is that they
are not accepted as conditions subject to separate consideration. An additional function is also a
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quantity that is determined by any other method of obtaining a solution. The only difference is that
it is not singled out for separate consideration. Conclusion. It can be stated that the introduction of
an additional function and additional boundary conditions does not distort the original formulation
ofthe problem and is only a means to significantly simplify the process of obtaining an approximate
analytical solution and the final expression for it.

Key words: multilayer structures, additional function, DKU, integral method, local
coordinates, approximate solution.

For citation: R.M. Klebleev. Additional functions and additional boundary conditions in
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Bgenenue. [Ipu nonyueHrny aHAIUTUYECKUX PELICHUNA KPAeBbIX 3a7a4 JJIsl MHOTOCIOMHBIX
TEN JOJIKHBI YIOBJIETBOPSTHCS YCIOBUS compsbkeHus. VX momydeHue 3arpydaHsieTcs TeM, 4YTO
OTHOCHUTENIbHO COOCTBEHHBIX YHCEJ IOJIy4aloTCsl MHOTIOMapaMeTpUUYEeCKUE TPAHCLEHICHTHbIE
YpaBHEHUS1, PEIICHUS] KOTOPBIX HAXOASATCS YMCIEHHBIMU MeTo/IaMu [2-4].

Ha ocHoBe 0000mEHHBIX (YHKIHI B paboTax [2-4] MHOTOCIIOMHOE TEJI0 CBOAUTCS K OTHOMY
CJIOI0, UMEIOIIEMY TMEPEMEHHbIE CBOICTBA, YTO MO3BOJSET MCKIIOUUTH MPOOIEMY BBITOIHEHUS
ycloBuil compsikeHus. B paborax [5-7] pemienue 3agad Juiss MHOTOCTOWHBIX TEJ BBITOIHSAETCS
MyTEM MPUMEHEHHSI TOYHBIX U TPHUOIMKEHHBIX METOJIOB MPU HMCHOJIB30BAHUM KOOPIMHATHBIX
(GYHKIHH, yIOBIETBOPSIOUINX YCIOBUSIM COIPSDKEHUSA. B KOHEYHOM UTOre pelieHuio MOIeKUT
anreOpanvecKkuil TOTMHOM Ui HaxXOXKJIEHUS COOCTBEHHBIX umcel. B Hactosmieil pabore
HCIIONIBb3YeTCsl MeTOJ, ocHOBaHHBIN Ha onpeaenennn [ u JJKY [8 - 18], a Takke JT0OKaIbHBIX
CUCTEM KOOp/MHAT.

IMocranoBka 3agaum. Llenb MccnenoBaHus cOCTOUT B pa3pabOTKe METOAMKH MONyUYEHUS
AQHAJIMTUYECKOTO PEIICHHMS 334 TETUIOMPOBOAHOCTH JIJIS 2-X CIIOMHOM MJIACTUHBI TPU TPAHUYHBIX
ycnoBusix 1-ro poma. PaccMoTpuM TEMIOMPOBOJHOCTh B JIBYXCJIOMHOMW IUIACTUHE B MOCTAHOBKE
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Puc. 1. Cxema JIOKaJIBbHBIX KOOPAUHAT
Fig. 1. Local coordinate scheme

aTl(xlat):a 0°T, (x,,1) ,

o | 8x12 ; (t>0; 0<x,<9)); (1)

2
%zaz%; (t>0; 0<x,<8,); @)
Ti(x,0)=Ty; 3)
T,(x,,0)=T; (4)
Tl(osf):TCT’ (5)
7,(8,,t)=T,(0,2); (6)
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A 0T, (3,,t)/ Ox; =\,0T,(0,t)/Ox, ; (7)
oT,(5,,t)/0x, =0, (8)
rne T,, x;, (i=1,2) —temneparypa u koopaunata; [ —Bpems; J,, a;, A;, (i=1,2)
— TOJIIIMHA, TEMIICPATYpPOIIPOBOAHOCTD U TCIIOMPOBOJAHOCTD, TO — HadaJIbHasg TEMIICpaTypa,

T, — Temmeparypa cTeHKH; 0 =0, + 0,.

O06o03HaYNM

T -T a,t X X ) )
=t e (j=12);Fo=-—"L ;¢ ="t =22 A =LA ="2, ©
TT T, ( ) 52 & 5 &, 5 1775 2=75 )

rie ®;, (i=1,2) — 6e3pasmepnas Temneparypa; Fo — 6espasmepnoe Bpems; &, &, —
GespasMepHbIe KOOpAUHATEL clioeB; A, A, — Ge3pasMepHbIe TOIMHBI KaKIOTO CIOS.
C yuétom (9) 3amaua (1) — (8) Oyner
2
09, (§,,Fo) _ 0°0,(§;,Fo)
Fo ot}

00, (&,,Fo) :a_282®2(§2,F0)
oFo a,  0&;

, (Fo>0; 0<¢&, <A)); (10)

, (Fo>0; 0<&,<A,); (1D

0,(8,0)=1; (12)
0,(&,,00=1; (13)
®,(0,Fo)=0 ; (14)
0,(A,,Fo)=0,(0,Fo) ; (15)
2,00, (A,,F0)/d¢, = 1,00, (0,F0)/dE, ; (16)
60, (A,,Fo)/0E, =0 . (17)

MeToabl HcCIeI0BAHUS. PaCCMOTpI/IM I[(D, NPpEACTABAOIIYHO TCMIICPATYPY B TOYKE

§2=A2.

q(Fo)=0,(A,,Fo), (18)

Pelienue pa3bICKUBAETCsI B BUIE
0,(5;,Fo) = ];bk (@)1 (&) : (19) O,(E;,Fo) = ;ébk (D)2 (S2) (20)
rae b, (q) — uemssectHole koddduimentsr; @, (&), ¢,,(§,) — xoopaunarHbie

(byHKIMU.
BBuy npuHATHS JUIS K&XIOTO CIOS OAMHAKOBOI cucteMsl koddduimentos b, (q),

JBYXCJIOMHAs IJIACTUHA IIPUBOAUTCS K OJTHOCIIONHOM, HO ¢ IEPEMEHHBIMU CBOMCTBAMU CPEBI.
PaccmoTpuM nmocTpoeHre KOOpAWHATHBIX (YHKINH, YIOBICTBOPSIONMX yciaoBusM (14) —
(17). @opmyiibl UIsl HUX 3aIIUIIEM B BUJIE

0 (&)=¢, — 12k ; (21
02 (&) =By + By &, — By, %k ) (22)

rae B, B,,, B;, — Hen3BecTHbIE KOHCTAHTHI.

Cootnomenue (19) ¢ pynknueii (21) ynosiaeTBopsieT TpaHugHOMY ycioBuio (14).
Jns onpenenenns By, , B,,, By, noncrasum (21), (22) B (15) — (17).
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o 2k
N3 pemieHust CHCTEMBI TpeX anreOpamueckux ypaBHeHui Haxomum: B, =A, —A]";

B,, = N(1-2kAT™"); B,, = B, /(2kAJ*"); N =X\, /L,. C yuérom B,,, B,,, B;, (22)
Ooyner

2kA5!

VYuureiBas (21) — (23) dopmyinsl (19), (20) ynosaerBopsitor yciosusm (14) — (17). Heus-
BecTHBIE Kodddunuents b, (¢) Haxomsarcs u3 (18) u mexotopeix JKY. Jlnd uX HaxOXKACHHS

2k
@ZK(@):AI—Af"+N<1—2kAf’”>[&2— : j (23)

npoauddepentmpyem (14) no Fo

00,(0.Fo) _ - o
oFo
C yuértom (10) coornommenue (24) npuogutcs k JIKY Buma
0%0,(0,Fo)/0E; =0 . (25)

[ponuddepenuupyem (25) no Fo

0* (00,(0,F
2( i O)jzo. (26)
oe>\ ko
C yuérom (10) cootHomenue (26) npuBoautcs K emie onnomy JIKY
00,(0,Fo)/0¢; =0 . (27)

Cnenoarensho, auddepenunpys mobdoe npeasiaymee IKY no Fo, ¢ yuérom (10) moxuao
HalTH Jr000e ux uucio. Mx obmas popmya Oyaer

0%0,(0,Fo)/0E =0, (i=1,2,3,...) . (28)
B touke &, = A, nmeem Taroke ycnosue (18), mosromy Heobxomumo Haiitu JJKY Ha ocHO-

Be 3TOro cootHourenus. IIpoussoanas or (18) mo Fo umeer Bux

0q(Fo)/0Fo =00, (A,,Fo)/dFo . (29)
C yuérom (11) Beipaxenue (29) npuoautcs k JIKY Buna
0’0, (A,,Fo)/ 8¢} = dq(Fo)/ dFo. (30)
Onpenenss npou3BoaHyto o FO, ¢ yuérom (11) monyyaem emé oano JIKY
00, (A,,Fo)/ &5 = d*q(Fo)/dFo” . 31)
Banumem oburyto Gopmyiy ast IKY B touke &, = A,
0%@,(A,,Fo)/ 08y =0'q(Fo)/dFo' , (i=1,2,3,...) . (32)

Kpome naiinennsix JIKY, koTopsle Heo6xoaumo BeIoHATE B Toukax &, =0 u &, =A,,
HeobOxoxuMo Takke Haiitu JIKY B Touke &, = A, , ucnons3ys ycnosue (17). Ipoanddeperuu-
pyem (17) mo Fo

Kl (6@2(A2,F0)j20. )
oe,\ oFo
Ucnoneiys (11), naxomum JAKY
0°0,(A,,Fo)/E; =0 . (34)
Onpenensist npoussoanyto ot Fo, yuntsiBast (11) momywaem emé oqno JKY mpu &, = A,
0°0,(A,,Fo)/0E; =0 . (35)

3anumieM o0myro GopMyIry st HUX
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0*70,(A,,Fo)/0E3 =0, (i=1,2,3,..). (36)

Otmetum, uto opmyina (20) ¢ yaerom (22) ynosnetBopsier KV (36).

JKY o6nanaioT TeM CBOHCTBOM, YTO MX BBINOJHEHHE YKBUBAJIICHTHO BBHIMOJIHEHUIO HA Tpa-
Hunax ypasHeHu#t (18), (11). B [17, 18] noka3biBaeTcs, 4TO B 3TOM CIy4ae UCXOJIHbIE ypaBHE-
HUSI OKa3bIBAIOTCS BHIMIOJTHCHHBIMU M BHYTPH OOJIACTH.

B nepsoM npubnmxennu, noactasus (19), (20) B (18), (28), (32) ( i =1), momyuaem cucre-

MYy ypaBHEHHI

bi9y1(Ay) + 0,05, (A;) —b39,5(A,) = g(Fo) ;
bi91,(0) + b,¢1,(0) — by 015(0) =0 (37)
bi95(A,) + by05,(A,) —by955(A,) = g'(Fo),
rie @) = dz(Pn /8@1 ; 01 :dz(Plz /aélz ; O :dz(PB /5512 ;@5 = dz(le /&:;
; 95 :dz(p22/8§§ ;953 :dz(st /5§§ ; ¢'=dq(Fo)/dFo.
Pemenne cucremsl (37)
bi(q)=0; by(q) =—§(q’m +qny)/M ;s bi(@=(gms+gqnyd/n.  (38)
Trac
=2, /(A (28%,A] + T2h,A7 +120A,0,AY — 20A,0,A; —108%,A —30A,), X
X AY + 80, A, +5A,4,)); M, = A, (6M,AY +30A,A0N, —SA A, —61,A,); 1, =30x
X M (6A7 —1); M3 = A, (120,A7A, —3A,0, +40,AT —40,A ) 1, =12, (4A7 —1).
®opmys (19), (20) ¢ yaetom (38) OyayT

2 ! !
0,(§,,Fo)= _E(q N +qny)Q, /M+(gM; +qny)e;3/n ; (39)

2 ! !
0,(&,,Fo)= _g(q N +gN2)0xn /M+(gMs +gny)e,s /M . (40)

[ToTpeOyeM BBIOTHEHUS CIIEAYIONIEr0 HHTETPAIbHOTO YPaBHEHHUS

?1[8@1(@,130) _ 82®1(§1>F0)Jd§1 +

0 oOFo 6&12
A, 2
+ | 00, (&,,Fo) _a_za ®2(§229F0) dé, =0 . (41)
0 oFo a, 0&5
[Toncrasus (39), (40) B (41), umMeem
2
k49 199 | paeo (42)
dFo® dFo

rne K=0,58, L=1082, M=0,0766 npun wnCXomHBIX [JaHHBIX BHJA:
a,=12,5-10"° p’/c;  a,=6-10"° m*/c; N, =4524 Bm/(m-K); L\, =16,24
Bm/(m-K); 8, =0,002 m; 6, =0,004 m; A, =0,33; A, =0,67.

N3 pemenus (42) numeeM

2 1/2 2 /2
g(Fo)=C, exp[— e odpl) e Foj L, exp[(L MY L FOJ, (43)

rac Cl , C2 — KOHCTAHTbI HHTCTPUPOBAHUS.
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CocraBuM MHTETpaJIbl B3BEUICHHBIX HEBSA30K ycnoBuil (12), (13), u morpeOyeM BBITIOTHEHUS
YCIOBHS X OPTOroHanbHOCTH K dyHKumsaM @, (&;), ©,,(&,) (kK =1, 2). Orcrona nonyuaem

g [0,(&,,0) 1oy, (&)de, + g[®2(<:2,0> —1Jp1 (E,)dE, =0

A

(I) [0,(8,,0) — 1}p,, (&))dE, + §[®2(¢2,0> —1p, (8,)dE, =0.

IMoncrasnssa (39), (40) B (44), mia C; u C, momydaem JBa anreOpandecKuxX ypaBHEHHS,
pemrenne koropeix: C; =—1,307; C, =1,608.

(44)

1,0
® Fo=10,6
0.8
%—
0.6
0,6
/
0.4
1,0
= —
" //
— / 1,5
[ I B
_”//:/_—/
0 0,2 0.4 0,6 0,8 EJ 1,0

Puc. 2. Pacnipenenenne TemMuepatypbl: pacdersi no (19), (20) npu 72 =3
Fig. 2. Temperature distribution: calculations according to (19), (20) at
O6cyxaenue pe3yiabTaroB. Ha puc. 2 mansl pe3ynabTarhl, moydeHHbIe 110 hopmyram (19),
(20) (n=3). Ha puc. 3 naHsl pe3yabTaThl Uil Caydas HIPHBEICHUS JBYXCIOMHON CHCTEMBI K

onHocinoiioin (1 =3), To ects mpu A, =A,, a =a, U3 ananmsa cuemyer, 4TO MpH

0,4 < Fo < 0 ormuune or Tounoro pemenus [19, 20] ne 6onee 6 % .

0,6
) Fo=04
0.4 —
0,6
[ —
02
1,0
1,5
0 02 0,4 0,6 0,8 € 1,0
Puc. 3. Pacnipenesnenne Temnepatypbi ipu A, = A, 0 a, =a,. ——— 1o (19), (20) npn 7 = 3 ;

o — TOYHOe peuieHue [19, 20]
Fig. 3. Temperature distribution at and A, = A, u g, = a,.— according to (19), (20) at ;

n=3; o_ exact solution [19, 20]
BeiBoa. Vicnionb3yst koopAuHATHBIE (DYHKIIUH, YAOBICTBOPSIONINE TPAHUYHBIM YCIOBUIM
U ycioBusiM corpsbkenust, Ha ocHoBe D u JIKY pazpaborana MeToanka HaXOXACHUs MPUOIIU-
’KEHHOT'0 PEIICHUS 3aJa4M TeIIONPOBOJHOCTH AJIsl ABYXCIOMHOM IJIACTUHBI.
Jlist ynpouieHusi NoJy4eHus pelieHrs UCI0JIb30BaHbl JIOKAJIbHBIE KOOPAUHATHI, YTO O3~
BOJISIET YIPOCTUTH U IIPOLIECC MOIYUYEHUS PELICHUS, U OKOHYATEJIbHbIE BBIPAKEHUSI 1JIs1 HETO.
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J1® BBOIATCS C 1IEBIO PUBEACHHS YPAaBHEHUS B YaCTHBIX TPOU3BOAHBIX K OOBIKHOBEHHOMY

ypaBHeHH0. JIKY mO3BOJNSIOT BBINOJHUTH HCXOAHbIE IU(QepeHIMaIbHbIe YPaBHEHUS Ha
IPaHULAX, YTO MPUBOJIUT K UX BBIIIOJHEHHUIO U BHYTPH 00JIacTEH.
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