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Pe3iome. Llean. Llenbio nccnenoBanus SBI€TCs U3ydeHUE pabOTHI MHOTOIIPOJIETHRIX Oa-
JIOK C TOYEUYHBIMH MacCaMy MPHU OJHOBPEMEHHOM JIEHCTBUU BEKTOPHBIX KHMHEMAaTHMYECKHUX U CH-
JIOBBIX HArpy30K ¢ y4€ToM BIHUsSHUA yrpyroaeMidupyomux omop. Meroa. UccienoBanue oc-
HOBaHO Ha pEIICHUM KpaeBoW 3aja4yu W mopaennpoBanuu. Pesyiabrar. VccienoBansl cBOOOIHBIE
MoTIEpeYHbIe KOJIeOaHUsI MHOTONPOJIETHBIX 0aJIOK TMOCTOSSHHOTO CeYeHMsI (B Mpefesax Kaxoro |
—ro mponéra A, u G)) ¢ yu€rom yapyroaeMnupyoImx JUCKPETHBIX omop. PaccMoTpeHs! cBo-
OOHBIC W BBIHYXJICHHBIC TAPMOHUYCCKUE KOJIeOaHHsI OaKh OT BEKTOPHBIX KMHEMATHUYECKUX U
CUJIOBBIX BO3MYIIIEHUH. [IpuBeneHbl mpuMephl pelIeHUs ISl Pa3IMYHbIX YCIOBUN 3aKpEIICHUH
TPEXMPONETHON OaTKy MPU Pa3HBIX TOUEUYHBIX Maccax. BeIBoA. ABTOPCKYIO pa3pabOTKy MOXKHO
aJalTHPOBATh K KOJICOAHUSIM KOHTUHYaJIbHO-TUCKPETHBIX CTepKHEH. [IpecTaBieHHbIi anroputM
MO3BOJISIET ONPEACIIATh COOCTBEHHBIE YacTOTHI M (hOPMBI CBOOOIHBIX KOJICOAHMH, a TAK)KE PacCUH-
THIBATh MHOTOMPOJIETHBIC CTEPKHU HAa OTHOBPEMEHHOE JICHCTBIE BEKTOPHBIX KMHEMAaTHUYECKUX U
JTUHAMHYECKUX HArpy30K.
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KOMIUJIEKCHBIE (DYHKIIHH, COOCTBEHHBIE (DOPMBI, TUHAMUYECKUE M KMHEMATUYECKHUE BEKTOPHBIC
BO3MYIICHUS
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Abstract. Objective. The aim of the study is to study the operation of multi-span beams
with point masses under the simultaneous action of vector kinematic and force loads. Taking into
account the influence of elastic-damping supports. Method. The study is based on the solution
of the boundary value problem and modeling. Result. Free transverse vibrations of multi—span
beams of constant cross-section (within each j-th span Aj, and Gj) are investigated taking into
account elastic-damping discrete supports. Free and forced harmonic vibrations of the beam from
vector kinematic and force perturbations are considered. Examples of solutions for various con-
ditions of fixing a three-span beam at different point masses are given. Conclusion. The author’s
development can be adapted to the fluctuations of the continuo-discrete rods. This algorithm allows
you to determine the natural frequencies and forms of free oscillations. It is also possible to calcu-
late multi-span rods for the simultaneous action of vector kinematic and dynamic loads.

Keywords: beam, viscous friction, elastic support, frequency, amplitude, complex functions,
eigenforms, dynamic and kinematic vector perturbations

For citation: A.M. Kaziev, I. 1. Kishit, A. M. Zhinov, K. M. Karchaev, A.A. Berbekov.
Vibration of a Beam with Concentrated Masses on Elastically Damping Supports. Herald of
Daghestan State Technical University. Technical Science.2023;50(2):169-176.D0OI1:10.21822/2073-
6185-2023-50-2-169-176

169



Becmnux /lacecmancrozo eocyoapcmseennoeo mexnuieckoeo ynugepcumema. Texnuueckue nayxu. Tom 50, Ne2, 2023
Herald of Daghestan State Technical University. Technical Sciences. Vol.50, No.2, 2023
http://vestnik.dgtu.ru/ ISSN (Print) 2073-6185 ISSN (On-line) 2542-095X

BBenenue. PacuétHas cxema paccmaTpuBaeMoit 6aiku (puc. 1), COCTOUT U3 n MPOJIETOB.
Ha xax oM yuacTke UMEIOTCS pa3Mephl /j MIOMAabio ceueHus Aj, )kECTKOCThIO Ha 3TUO Gi.

JE A s
SRS 3 3

Puc. 1. Pacuérnas 6aiKku ¢ TOYEHHBIMHU MacCaMH M YNIIPYroaeMnpupyouum
nepeMeLIaIIUMUCS OIIOPaMHu
Fig.1. Analysis beams with point masses and resiliently damping moving supports

B y3max 0Ganku pacmojoXeHbl TouedHble Macchl Mj. banka mopnepkuBaercs ympyro-
neMIGUPYOUIMMHI oropamMu ¢ ko3 duireHTaMu KECTKOCTH Cj U KodpduueHTamu aemndupo-
BaHU vj. KonebaHus BBI3BIBAIOTCS COCPEAOTOYCHHBIMH critaMu Fj u cMmerenusimu omop zi (j = 1,
2,..,N; N=n-+1). Imeem cMemanHyr0 KOHTUHYaJIbHO — IUCKPETHYIO cucTemy. [lonepeunsie
KOJIEOAHHUsI COCTOAT M3 JIBYX cHCTeM IuddepeHnanbHbIX ypaBHeHnH. OHa cuctema aiisi KOH-
TUHYaJbHBIX YYaCTKOB B BUJIE OJTHOPOAHBIX AU(QepeHInanbHbIX YpaBHEHUI B YaCTHBIX MTPOU3-

BOJIHBIX TUTIEPOOIMYECKOTO THIIA, KOTOpPasi B BEKTOPHOH (popMe nMeeT BU
Geu + meit +qmen = 0. (1)
Bropas cucrema mpencraBisieT co0oii 0OBIKHOBeHHBIE A depeHnnanbabie ypaBHEHUS

JUTSL COCPEIOTOUYEHHBIX TOUYEYHBIX MacC

M°Y +v°v +co(v—2z)+f=F. (2)
3nech u(Xx, t) — BeKTOp—(hYHKIIUS BEKTOPHOTO apryMeHTa, COOTBETCTBYIOIIAs CMEIIEHHU-
M Oarku; v(t) - BEKTOP—(QYHKINS CKAISIPHOTO apryMEHTa OTKJIOHEHHS COCPETOTOYCHHBIX Mace;
xj € [0, [j], t — Bpemsi; m — BEKTOp MOTOHHBIX MaccC MPOJETOB OaNKH, mj = PjAj, p — INIOTHOCTH, 1|
— k03¢ punment Bsi3koro TpeHus; z(t) -BeKTop—(pyHKIMS, 3a1at0asi KHHEMaTHYeCKHe rmepeMe-
meHust onop; 0 — Hylb — BeKTOp; (MpUHATO 0003HaueHue acb = ¢, rae ci=abi). f(t) — BexTOp

CYMMBI TOIIEPEUHBIX CHJI OaJIKH CJieBa U CIIpaBa OT COCPEAOTOUEHHBIX Macc

fi(t)= Giu; (0, t), £(t) = Gyu (0, t) — Gyru g (1, 1), i=2,3,..,0;

IN(t) = -Gnu ) (I, 1).

IMocTanoBka 3agaum. s cBOOOAHBIX KoJeOaHUI HEOOXOAMMO ONPEAETUTH CHEKTP
COOCTBEHHBIX YacTOT, KO3(PPUIMEHTH! AeMII(PUPOBAHUSI U COOTBETCTBYIOIINE UM COOCTBEHHBIE
dopmel. B Takom ciiyuae z(t) = 0, F(t) = 0.

VYpasuenue (1) xonebaHuil 111 MPOU3BOJIBHOTO | — ro Mposiéra 6anku, pa3aenum Ha Gj u
3anumuieM

v - o G = /G
Uj tajiitpiu, =0, a4 =my/Gy, B =nmy/G; 3)

K ypaBHeHusiM (2) mpucoeaHHSIIOTCS TPaHUYHbIE YCIOBHUS COIVIACHO Pacuy€THOM cxeme.

JleBblil KOHeI] OaNKK HIAPHUPHO OIEPT, TOATOMY U3rHOAIOIINNA MOMEHT PaBeH HYJIO T. €.
14 14
Giup(0,)=0, = u;(0,t)=0. 4

Konebanus maccel M1 onuchiBaloTCs MEPBBIM YpPaBHEHHUEM CHUCTEMBI (2) ¢ y4€TOM 4TO
vi(0) =u1(0,2)

My (0,t)+vitq (0,t)+ciui(0,t)+Giuy” (0,t) = 0. (5)

Ha cTbikax y4acTKOB JIOJIKHBI BBIIIOJHATHCS CIIEAYIONINE YCIOBHS CONPSIKEHUS:

- MepeMeIleHus], YIibl TOBOPOTa M U3TMOAIOIIe MOMEHTHI ClIeBa M CIpaBa OT COCPEO-
TOYEHHOM MacChl paBHBI MKy COOOM

wig (b, 9= u;(0,1), wjy(fa,)=uj(0,0, Guujy(h,t)=Guj(0,1); (6)

- KoJle0aHMs COCPEIOTOYEHHBIX MAacC m;j OMHCHIBAIOTCA YPAaBHEHUSIMU CUCTEMBI (2) yj =
(0, ©) Mty (0,0 +vjtg; (0,0)+cjui(0,0+Gjy”" (0,8) = G " () =0, j=2,3,....n. (7)
Ha npaBom koHIIe OaNK JOJKHBI BBIOJIHATHCS TPAHHUYHBIC YCIOBHSI, aHAIOTUYHBIC (4),

()
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up (b, ) =0,  Mniiy(0,t) + vNtiy (Ln,t) + eNtin(n,t) - Gougy” (In,t) = 0. (8)
MeTtoabl uccienoBanus. Pemenne 3amgaun (3) - (8) OTHICKMBAETCS C TIOMOIIBIO METO/A
pa3JeNieHus IePEeMEHHBIX
ui(xj, ) = Xj(xj) €, 9)
rae A=-gtio (10)
- XapaKTEePUCTHICCKUI TIOKa3aTellb, € U ® — KOA(GOUIIMEHT 3aTyXaHUsA U 9acTOTa CBOOOIHBIX KO-
ne0aHmii.
IToncranoska (9) B (3) - (8) maér

XY -y! Xi=0, y!=-o%- Bk (11)
X{(0)=0, (WM, +iv, +¢ )X, (0)+G,X](0)=0, X, (1)=X;(0), Xiy1)=X](0),
Gint XYy ( [1:)=Gy X1 (0), O2M, +1v, +¢,)X,(0)+G XT(0) -G, X", (1,,) =0, j=2.3, ...,

Xh (l)=0, (MMy+Avy+c )X, () -G, X"(,)=0. (12)
O6miee pemenue ypaBaeHus (11) umeer Bug
Xj(xj) = Dj1 sin yjxj + Dj2 cos vyjxj + Dj3 sh yjxj + Dj4 ch yjx;, (13)
rne Dji - mpou3BOIbHBIE TOCTOSIHHBIE HHTETPUPOBAHUS, ] — HOMEP MPOJIETa.
Juddepernmpoanue 1aét
X (xj) = vi(Dj1 cos yjxj - Dy sin yjxj + Dj3 ch yjxj + Dja sh yjxy), (14)
X% (xj) = 77 (- Dy sin yjx; - Djp cos yx; + Djs sh yjx; + Dja ch yjx;), (15)
X7 (xj) = y]3- (-Dj1 cos vixj + Dj2 sin yjxj + Dj3 ch yjxj + Djs sh yix;). (16)

BBeném 0003HaUeHUS

pj = sin yj/;

q; = cos yil;

1= shyl

sj= chyif;

&= KZMJ"F}\VJ"FCJ‘

3
3= GjYj

W=YilYis

2 2
&= Gyyj/ Gy jyl

hi = expnt anqn

hz = exqn- anpn

h3 = exrn- ansn

hs= exSn- anrn

nonctaBuM (13)-(16) B (12) u mony4ynm cucteMy ypaBHEHUN
Qr)d=0 (17)
OTHOCHUTEIIEHO BEKTOpa MOCTOSIHHBIX HHTerpupoBanus d = {Dii, Di2, Di3, Dis, D2,
D22,...,Dun-1, Din}, KOMIOHEHTaMH KOTOPOTO SIBISIOTCSA UCKOMbIE KoadduumeHTsl, Q(A) - KkBaj-

paTHas MaTpuIa nopsaka 4n
—1 1

—a el aj el
1 q1 n s1 —1 —1
H191  — Pl H1S] Hn —1 —1
Q=|—-—g1r1 —g19 Z1n £151 1 -1
a1qi —apr —ast —ann —daz ey dap  ep
—Pn  —949n "n Sn
h1 hs  hy  hy

Ctpoku 3-6 COOTBETCTBYIOT YCJIOBHUSIM CONPSDKEHHS 1-ro W 2-ro y4aCTKOB U SIBJISIFOTCS
MOBTOPSAIOIIUMHCS KaK OJIOK MOIMATPHUIIb. DJIEMEHTHl MaTpullbl Q SBISIOTCS (QYHKIMAMU Xa-
PaKTEpUCTUUYECKOTO TTOKA3aTelsa A ¥ 4epe3 Hero - ko3 uireHTa 3aryxaHusi KojieOaHul € U 4Ja-
CTOTHI ®. YCIJIOBHE CYLIECTBOBAHHS PEILICHHs CUCTEMbI ypaBHeHUH (2.15) naér ypaBHeHue

det Q(A) =0,
13 KOTOPOTO OMPEEIAETCS CIEKTP COOCTBEHHBIX 3HAUECHUN { A1, A2,...}.
VYpasuenue (18) sBnsieTcs TpaHCIICHACHTHBIM U MPEICTABIIACT KOMIUIEKCHYIO (DYHKIIUIO

fi(e, ®) +1 (e, ®) =0.

(18)
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[TosTomy KO3(pdULIMEHT 3aTyXaHHUs € W YACTOTa CBOOOJHBIX KOJIEOAHMA ® TOJKHBI
OTIPEICITIATHCS U3 CUCTEMBI ABYX HEITMHEHHBIX TPAHCIICHICHTHBIX YpaBHEHUI
fi(e, ®) =0, fr(e, ) =0. (19)

Jlanee 3amaga COCTOMT B OIpENENIEHUH COOCTBEHHBIX (POPM KaXIOTo ydacTKa Oalku,
umeronux Bua (13). CnenoBarenbHO, HEOOXOIUMO CTaBUTh BOMPOC O BBHIYMCIECHUU MOCTOSH-
HBIX Djk , T. €. 00 OTBICKaHHH COOCTBEHHOTO BeKTOpa d.

CocTaBum anroput™ cuéra, mocienoBaTesbHO onpenensoomuid Dix. OH cocTrout B cie-
nytorieM. [lonoxum, yto D11 = 1, uckimounm u3 cuctemsl ypaBHeHnu#t (17) nocnemgnee. Ilopsi-
JIOK CHCTEMbl YPaBHEHMI CTAHOBHUTCS pPaBHBIM 4n-1, 4TO COOTBETCTBYET KOJMYECTBY OCTaB-
IIMXCsl HEM3BECTHBIX. 3aMHUIIIEM MTOJIYIHUBITYIOCS CHCTEMY YPaBHEHHH B BHJIC

T'A=b, (20)
rae I'- xBanmpartHas maTpuua, nosydaroomasics u3 Q myTéM BbIYEPKHMBAHMS IIEPBOTO
crosionia u mocneaHeit ctpoku, A = {Di2, D13, D14, D21, D22,...,Dnn-1, Dun}- BEKTOp, OCTatOmMiA-
cs ot d mocne uckmouenuss Dii, b = {0, fi, -p1, -puqi, gip1, -fiqi, ..., 0, 0} - BexTOp-cTONOEI.
Pemenue cucremsr (20) naércs popmyoi
A=T"1b, (21)
Xj(xj), Haiinenusle no (13), sABIAIOTCA KOMIUIEKCHBIMU (pyHKIUSAMH. [leficTBUTENbHBIE
coOcTBeHHBIE (HOPMBI UMEIOT BUJ

(pg (xj) = real [XE x)], r=1,2,.... , J=1,2,..,n,

I — HOMep COOCTBEHHOU (HOPMEI, ] — HOMEp MPOJIETa.

O6cy:xnenne pe3yabTaToB. PaccMOoTpuM CBOOOTHBIC KOJICOAHHS OAJIKM C TPEMs ydacT-
KaMH MPHU CIAEAYIOINUX BXOAHBIX TAHHBIX
A =165 mm?; p =7850 kr/m?, £ =0.5 ¢!, my =m4=0, ¢1= c4 = oo.

B 1a6n.1 mpencraBieHbl mepBble TPU YacTOTHl U KOd(dUIIUEHTa 3aTyXaHHsI CBOOOIHBIX
KOJICOAHUH TIPH BapuaIly apaMeTpoB Mj, Vj, Cj, B MepBOU cTpoke € = 0, B MOCIeAHEH CTpOKe
Ne8) hi=1wm, b=12w™m, =1,4Mm.

Tabauua 1. Yactorsl 1 KO3(pPUIHEHTA 3aTyXaHUSA CBOOOAHBIX KOJIe0aHUH IPH BapuaLlUA
apaMeTpoB

Table 1. Frequencies and damping coefficients of free vibrations with varying parameters

Ne | mp C2 V2 ms C3 V3 o) L 2 15) 3 3
Ne | kr wm | KT/C | KT Hm | Kr/c ¢! c! c! c! c! ¢!
1 0 0 0 0 0 0 52,36 0 104,7 0 157,1 0
2 0 0 0 0 0 0 52,12 | 2,50 104,6 2,50 157,0 | 2,50
3 0 0 0 0 0 0 50,04 | 2,20 100,4 2,40 150,7 | 2,40
4 4 0 0 0 0 0 38,53 | 2,63 85,3 2,03 150,7 | 2,40
5 4 500 0 0 0 0 48,21 | 2,96 87,4 1,90 150,7 | 2,40
6 4 1000 5 0 0 0 47,44 | 10,84 | 86,6 3,94 150,7 | 2,40
7 4 1000 5 7 500 5 40,74 | 8,35 66,7 5,82 150,7 | 2,40
8 4 1000 5 7 500 5 36,32 | 7,53 61,7 12,02 140,8 | 5,36

B mepBoii cTpoke cnenuanibHO MOAOOpaHBI JaHHBIC A KOHTPOJS KaK KJIACCHUYECKYIO
CXEeMY OIHOIPOJETHON OalKU: COCPEIOTOYCHHBIE MACChl OTCYTCTBYIOT, KOG (ULIUEHTHI TPEHUS
paBHbI Hymt0. Takxke /i anpoOaiuy NpeasiaraéMblX alrOPUTMOB M YHCICHHOTO METOAA perie-
HUS CUCTEMBI TPAHCLICH/ICHTHBIX YpaBHEHUW. Pe3ynpTaTel, MOIyYEHHbIE YACICHHBIMU U aHAIN-
TUYECKUMHU METOJaMM, COBIAJIM C XOPOILEH TOYHOCTBIO. AHAIMU3UPYS, OOHAPY)KUBAEM CIIEIYIO-
niee. Bropasi ctpoka cOOTBETCTBYET TOH ke OajKe, HO yXe MPH HaJU4UU TPEHUS C YKa3aHHBIM
ko duureHTom €. Beuay ero Manoctu coOCTBEHHbIE YAaCTOTHI M3MEHHINCH HE3HAYUTEIBHO, HO
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KOX(Q(PHULIMEHTHI 3aTyXaHUsI CUCTEMbI IPUHSIM 3HAUYEHUs, Ipesckazyemble o puc.2. Tperbs ya-
CTOTa ¥ KOA((UIMEHT 3aTyXaHUs B MEPBBIX YETHIPEX CTPOKAX OCTAOTCS MOCTOSHHBIMU OIOP U
nemiepoB B HETIOABMKHBIX TOUKaX OaJIKM HE CKa3bIBAaeTCs Ha BeJIMYMHE W3. JlaHHbIE 4eTBEPTOM
CTPOKH TOATBEPXKIAIOT OXKHIAEMBIH (PaKT YMEHBIICHHUS MEPBBIX JIBYX COOCTBEHHBIX YacTOT MPHU
MOSIBJIEHUH COCPEI0TOUEHHON Macchl M2 U COOTBETCTBYIOLIEro Aemmdepa. JlobaBieHue onopsl ¢
KOd(QPHUIHEHTOM C2 (CTpOKa 5) yBEIUYHBAET JKECTKOCTH HAIIETO MEXaHHW3Ma M, CIIEOBATEIbHO,
MOBBIIIAET COOCTBEHHBIE YACTOTHI M1 U 2. BBenenue xe gemndepa ¢ koadpduuuentom vz (crpo-
Ka 6) umeet oOpatHbIil 3Qdekt. [TosBiIeHNEe BTOPOM MAacChl C TPEHUEM BIEYET MaeHUE ITUX Ya-
ctot (ctpoka 7). Ctpoka 8 Tabnuilel u HaiiaeHHbIE 110 (15) Tpu coOcTBeHHBIE (DOPMBI, IpEICTaB-
JICHHBIE Ha pHC. 2, COOTBETCTBYIOT Oalike ¢ y)xe HamOoiee oOmmmMu aaHHbIMU. ['paduk nepBoit
coOcTBeHHON (opMbl 1 OIM30K NPSAMBIM JIMHUAM. DTO TOBOPUT O TOM, YTO OCHOBHYIO POJIb UT-
paroT KoJiebaHusi COCPETOTOUECHHBIX MACC MO XapaKTEPHBIM COOCTBEHHBIM (pOpMaM JHCKPETHBIX
CHCTEM C JByMs CTENEHSMHU CBOOOJbI. B posib KOHTHHYaNbHBIX SBIsETCA Hpeolnajaroliedl B
coOcTBeHHBIX (popmax 00epToHOB (kpuBbIe 2, 3). M3 xapakTepa KpuBOW 2 BBITEKAET, YTO KOJE-
0aHus 10 BTOPOM COOCTBEHHOM YacTOTE MPOUCXOMAT MO COOTBETCTBYIOIUM BTOPHIM COOCTBEH-
HBIM (hopMaM KoJieOaHHH JUCKPETHBIX CHCTEM (COCPEIOTOUYEHHBIE MAacChl) M CHCTEM C pacIpe-
NeNEHHBIMU MTapamMeTpamu (0anka).

w,
o0& " ML Lo
P e p SN
o4 /// 2 d
AL *
I ey ‘f
o.,0 x;
0,4 o= 1 D‘ 0.4 0.8 1.2 0.4 a8 1.2 T
N\ /
h, Fi
-o,2 3

Puc.2. IlepBble Tpu coOcTBeHHBIE (POPMBI KOTeOaAHMIT
Fig.2. The first three eigenmodes
[Ipu konebaHuUsAX MeXaHU3Ma MO TPETbeMy TOHY (pucC. 3) COCpeNOTOUYECHHBIE MACCHI TIe-
pemeniaoTes NoyTH cuH(pasHo (1o BTOpoil COOCTBEHHOM popme A HUX), 6ajKa jxe KoyiebneTcs
1o popmam, MoIBEP>KEHHBIM BIMSIHUIO COOCTBEHHBIX 0OEPTOHOB TpeThero nopsaka. Omopsr Oa-
JIOK COBEPIIAIOT MEPEMELICHHS B MIONIEPEUHOM HAIPABJIEHUH, YTO CIY’)KUT UCTOYHUKOM BBIHYX-
neHHbIX Konebanuil. IlycTs Bo3mymieHus z(t), BOSHUKAIOUIUE 10 3TUM MPUYUHAM, OyIyT rapmo-
HUYECKUMH C OJIMHAKOBBIMH 4acTOTaMH {2, HO IIPX 3TOM C Pa3HbIMU aMIUIMTYAAMHU ax U Hadajlb-
HBbIMH (pazamu ok
2i(t) = a i@+ ai) :Akeim ’ Ar = ap el . (22)
3nech Ax — KOMIUIEKCHO3HAYHbIE aMIUIUTY bl, 0Opa3ytomire BekTop A. B Takom ciyuae
pe3yabTUpYIOLIe KojeOaHus, coBeplIaeMble 0alKol M IUCKPETHBIMU MaccamM, OyIyT rapmo-
HUYECKUMH KOJeOaHUsSMHU TOHM K€ 4acTOThl. B ycTaHOBHBIIEMCS pexuMe IMpeneauMm (QyHKIuu
nepeMeIeHnit 1 aMmuTy ] Konebanuil. Toraa HavaidbHBIE YCIOBHS K cucTeMe ypaBHeHui (1),
(2) ne tpebyrorcsa. Kpaesbie ycnous (3) k ypaBHeHusM (1) ocrarorcst npexHumu. 3agada (1),
(2), (22), umeer ol1iee pemieHne

u(x, t) = H(x) A ', x € (0,1), t> - o0, (23)

y(t) =W A e, t> - oo, (24)

rae H(x), W — MaTpuubl nepeiarouHbix (yHKIUH, 3J1€MEHTbl KOTOPHIX CYTh PEaKIHH
nposn€ToB OalKW M JAMCKPETHBIX MAacC Ha €IWHUYHBIE TapMOHHMYECKHE BO3MYIIECHHUS OIOp;
nanpumep, H¥(xj) sBnserca aMmmmuTynoii Konebanuii j — To MPonéTa GANIKKM TIPH ABTOHOMHOM
rapMOHHYECKOM €IHMHUYHOM Bo3MymeHnn Ex(t) = e k — Toii onopsl, ananorununo Wik — aM-
IJIUTY1a KoJie0aHui j — oMl cocpeoToueHHOM Macchl. B pazsépnayroit popme (23) u (24) umerot

N ) ' . N
Bn W0, 0 =Y H ()4, j= 12 YO =MD WA, j= 12N,
k=1 k=1
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BoimonHuM mpocteiinie omnepanuy yHIopsSAOYeHUsS CHUCTEMbl YpaBHEHUU, OOBEAMHUM
CUCTEMbI YpaBHEHUH, MOJIy4eHHbIE aHAJIOTUYHO MPU BO3MYILEHUSIX OCTATBHBIX OMOP, U 3alUIIEM
MaTpUYHOE ypaBHEHUE

GE=F (25)
3necwk G - KkBajipaTHasi MaTpuIla mopsaka 4n x 4n

E, F — npsiMoyroJibHbI€ MaTpUIlbl pa3MepHOCTH 4n X N.

3nech HyleBbIe 3JIEMEHTHI MATPHIL HE BBIMHUCAHBI, kK — bIii cTonOer maTpuilbl E cooTBeTcTBYET
MOCTOSTHHBIM MHTETPUPOBAHUS MPOJIETOB MPU BO3MYIIEHUH Kk — TOH OMOpHI; B YaCTHOCTHU Bjk, Djk
— MOCTOSIHHBIE UHTErPUPOBAHUS IS ] — TOTO Mposi€Ta mpu Bo3mytieHuu k — Toit onopsl. Penienne
MaTPUYHON CUCTEMBI (25) UMEET BH]I

E=G'F.
Jlanee nerxo popmupyercs marpuiia H(x); Hanmpumep,
H'x)=B, +D, ¢ j=1,2...n k=12 ..\ (26)
Temepb MOXKHO HaTH BEKTOP aMIUTUTY]T KoJIeOaHUH ¢ TTOMOIIbIO (23)
a,(x)=|H(x)A| (27)

Jlna Ganku ¢ mapaMeTpaMmu, MPUBEAEHHBIMU B CTpOKe 8 Tabi. 1. 3, MpU KMHEMaTHYECKUX
Bo3MylleHusx a, = a,=0,a,=a,= 10 MM u casurax $pas o, = a,= o, = 0, = 0 BBITOIHEHBI PACYETHI,
npeacTaBieHHbIe rpadgukamu puc. 3. KpuBble COOTBETCTBYIOT BO3PACTAIOUINM 3HAUYEHUSM YaCTOThI
Bosmytnenuit Q=20c! (kpusas 1); 30 c'(2); 36,32 c'(3); 45¢'(4); 61,7 c(5); 115¢'(6); 140,8
c!(7). I'paduku Ha puc. 3. nmokaspiBaroT cieayromniee. CHavaga MpU CPABHUTEILHO HEOONBIINX
4acTOTaxX BO3MYIICHHMH KoleOaHUs MPOUCXOIAT MO MepBoi Gopme cBOOOTHBIX KoIeOaHM (CM.
KpuBble 2 — 3 1 KpuByHO 1 puc. 3).

ay

12 3’-‘\\\
10 / =
=
] r = A
4 \\‘\\\\
1
° / NN
4 N 7 \\ \\
/ T “IN
NV, 4» = ' N
TTINLE RN
Uﬁ / S S -
0 0.4 08 1 0.4 0.8 12 0.4 0.8 12 J

Puc. 3. AMIUIUTYABI BBIHYKAEHHBIX KOJIe0aHuii
Fig.3. Amplitudes of forced vibrations

HaunbonbIiure OTKIOHEHHS COOTBETCTBYIOT MACCe M., TAK KaK OHa OOJIBILE M, U TIOIEPKH-
BAeTCs MPY>KUHOMN C MEHbILIEN KECTKOCTBIO, a 3HAUUT, Oojiee ci1abo COMPOTUBIISAIOLIEHCS IepeMe-
HIEHUSM JUCKpeTHOM Macchl. [lpu npubnmkenun ) x nepBoil COOCTBEHHON 4acTOTE aMILIUTY/IbI
YBEIMYUBAKOTCS (KpUBas 2) U IOCTUTAlOT HAMOOIBIINX 3HAYEHUH NpH paBeHCTBE ) = ©, =36,32
¢! (kpuBast 3), T. €. Ipu pe30HAHCHBIX KosteOaHusx. C TagbHEHIIIMM POCTOM YaCTOTHI BO3MYIIICHHUI
aMIUIMTYABI NafaoT (kpusas 4), popma UX pacupeneseHus 1o JJIHe 0ajJKy MOCTEIEHHO MEHS-
erca unpu Q =, = 61,7 ¢! (0mmu3ko ko BTOpOi cOOCTBEHHOMN YacTOTE) MPHOOPETAET OUEPTAHHUS
(kpuBas 5), MOBEPIKEHHBIEC BIUSIHUIO BTOPOI COOCTBEHHOU (DOPMBI (CM. KpUBYIO 2 puc. 3).

OTH KojeOaHMsT He HOCAT BBIPAKCHHOTO PE30HAHCHOTO XapakTepa IO ABYM NPUYHHAM.
Bo-niepBrix, Hanmmune aeMrdupoBaHus OMOp CO31aET Il BRICOKOYACTOTHBIX KOJICOaHUH cephEs-
HBIE TIOMEXH; BO-BTOPbIX, CHH(]Aa3HbIE BO3MYILEHUSI BTOPOU U TPEThEH OMOp IJIOXO COMIACyIOTCs
C MX BO3MOYKHBIMH TTEPEMEIICHUSIMH, HAXOSIIUMUCS B aHTH(]Aa3e MpHu CBOOOIHBIX KOJICOAHHSIX.

WHTepecHO npu 3TOM 3aMETHUTh, YTO aMIUIUTY/AbI KoieGaHUil BTOPOIl Macchl, B MIPOTUBO-
MOJIOKHOCTh HPEIBIAYIIUM CIy4yasM, Oojbllle aMIUTUTYH KosebaHuil Tperbel macchl. [Ipuunna
B TOM, YTO OTKJIOHEHHSI BTOPOIl MaccChl MPU CBOOOJHBIX KOJIEOAHUSX CYIIECTBEHHO MPEBBIIIAIOT
OTKJIOHEHMsI TpeTbel Macchl (kpuBas 2 puc. 3) YactoTa Bo3MylleHUH, faromias KpUByro 6, Ha-
XOIUTCSI MEX]Ty BTOPOH U TpeTheil COOCTBEHHBIMU YacTOTaMH. [109TOMY yKe 3aMETHO BIUSHHE
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TpeThelt coOcTBeHHON hopmbl (cM. KpuByto 3 puc. 3). Jlanee npu paeHcTse Q = o, = 140,7 ¢!
HabmonaeTcs cnabo BhIPAXKEHHBIM PE30HAHC MO OTUYETIIMBO MPOCMATPUBAEMOMY PACTIPEICTICHUIO
aMILTUTY/T KOJIeOaHUM, CXOTHOMY C TPEThel COOCTBEHHOM (POpPMOii.

BbiBoa. AHamu3 KpUBBIX TOKA3bIBACT, YTO TPH HU3KUX YacTOTaX BO3MYIICHUH (KpuBbIe 1 - 4)

yU€T KOHTHHYaAJIbHOCTH YYaCTKOB OaJIKH CKa3bIBaeTcs cnabo. banka sSBIseTcs Moyt KyCOUHO-TIPIMON
JIMHUEH, HATSIHYTONM MEXIy MaccaMH, U B LIEJIOM KOHCTPYKIMS BEAET ceOs Kak JAUCKpETHas CHCTEMA.
[Ipu Gonee BHICOKHX ke 3HAUSHHUSIX YaCTOT (KpUBBIE 5 — 7) OTKIIOHEHHS JUCKPETHBIX MAaCC He3HAYUTEIb-
HbI, NIABHYIO POJIb UTPAIOT KOJIeOaHUsI KOHTHHYAJIBHBIX YYaCTKOB 0aI0K MEKIY HUMU.

1.
2.

hed

O XA

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

—

Bubauorpaduyeckuii cnucok:
Bunepman B.JI. [lpuknannas Teopus MexaHHIeCcKUX konebanuit. — M.: Beicmas mkoma. 1979. — 416 c.
JxankymaeB A. 5., Kasue A.M. BeinykieHHBIC KOJICOaHUS CTEPKHEN IIPH KOMOMHUPOBAHHBIX BO3MYIIICHIISIX
// I36paHHbIe TPYIBI HAYIHOTO ceMruHapa «Mexanukay. Bormr. 1. Hansank: Ka6.-bank. roc. cenb. akaz., 2002.
C.195-199.
BabakoB 1.M. Teopus xomebanuii. M.: Hayka, 1968. 560 c.
Kazues A. M. Koneb6anust oTHOPOAHBIX M KOHTHHYAJIbHO-JHUCKPETHBIX OAJIOK IIPH BEKTOPHBIX TAPMOHUYECKUX
U cITydaifHBIXBO3MyTIeHusAX: Juc. kaun. TexH. Hayk: 05.23.17Hamsank, 2005130 ¢.PT'b O,61:05-5/3003.
Kymerepbaes X.I1. Kunemarnueckn Bo30yk1aeMble KoneOaHUsI KOHTHHYaJTbHO-THCKPETHOW MHOTOTIPOIETHON
6amku // Bectauk Hrmkeropoackoro yamBepcureta uM. H.M.JloGauesckoro. Tpymer X Bcepoccuiickoro
che3zia Mo GpyHIaMEHTaJIbHBIM MpoOiIeMaM TeopeTHdecKoil n nmpukimagaoii Mexanuku. 2011. No4, gacTs 2.
C. 198-200.
Tumomenko C.I1. Konebanns B mmkenepHoM nene. — M.: Hayka, 1967. — 444 c.
Bepx6mmukuit B.M. OCHOBBI YHCICHHBIX MeTOROB. M.: Bricmias mkoma, 2002. 840 c.
Knag 3., [lersuen k. lunamuka coopyxenuii. M.: Crpoituzmaar, 1979. — 320 c.
L.V. Kudinov, V.A. Kudinov. Mathematical simulation of the locally nonequilibrium heat transfer in a body
with account for its nonlocality in space and time. Journal of Engineering Physics and Thermophysics. 2015;
88(2): 406-422.
Amabili, M.,. Nonlinear Vibrations and Stability of Shells and Plates. Cambridge University Press, New
York, USA. (2008)
Refined beam elements with arbitrary cross-section geometries / E. Carrera, G. Giunta, P. Nali [and others] //
Computers andStructures. 2010. V. 88, No 5-6. pp. 283-293.
Elishakoff I. Eigenvalues of Inhomogeneous Structures: Unusual Closed-form Solutions. Boca Raton, FL:
CRC Press,2005.
Hsu J.C., Lai H.Y., Chen C.K. Free vibration of non-uniform EulerBernoulli beams with general elastically
end constraintsusing Adomian modified decomposition method. Journal of Sound and Vibration. 2008;318:
965-981.
Free vibration behavior of exponential functionally graded beams with varying cross-section / A.A Haasen,
T. Abdelouahed,A.M. Sid [and others.] Journal of Vibration and Control. 2011. V. 17, No 2. pp. 311-318.
Maurini C., Pofiri M., Pouget J. Numerical methods for modal analysis of stepped piezoelectric beams //
Journal of ound andVibration. 2006. V. 298, No 4-5. pp. 918-933.
Zheng T. X., JiT. J. Equivalent representations of beams with periodically variable crosssections // Engineering
Structures.2011. V. 33, No 3. pp. 706-719.
Tejada A. A Mode-Shape-Based Fault Detection Methodology for Cantilever Beams: Tech. Rep.: CR-2009-
215721:NASA, 2009.
Alshorbagy A. E., Eltaher M. A., Mahmoud F. F. Free vibration characteristics of a functionally graded beam
by finite elementmethod // Applied Mathematical Modelling. 2011. V. 35, No 1. pp. 412-425.
Huang Y., Li X. F. A new approach for free vibration of axially functionally graded beams with non-uniform
cross-section //Journal of Sound and Vibration. 2010. V. 329, No 11. pp. 2291-2303.
Mohanty S.C., Dash R.R., Rout T. Free vibration of a functionally graded rotating Timoshenko beam using
FEM//International Journal of Advanced Structural Engineering. 2013. V. 16, No 2. pp. 405-418.
Ke L.L., Yang J., Kitipornchai S. An analytical study on the nonlinear vibration of functionally graded beams
// Meccanica.2010. V. 45, No 6. pp. 743-752.
Simsek M., Cansiz S. Dynamics of elastically connected doublefunctionally graded beam systems with
different boundaryconditions under action of a moving harmonic load. Composite Structures. 2012; 94(9):
2861-2878.

References:

Biderman V.L. Applied theory of mechanical oscillations. M.: Higher school. 1979; 416. (In Russ)
Dzhankulaev A.Ya., Kaziev A.M. Forced vibrations of rods under combined perturbations. Selected works of
the scientificseminar “Mechanics”. Nalchik: Kab.-Balk. State village acad., 2002;(1):195-199.
Babakov .M. Theory of vibrations. M.: Nauka. 1968; 560. (In Russ)

175



Becmuux Jlacecmanckoeo cocyoapcmeennoco mexuuuecko2o ynugepcumema. Texnuueckue nayku. Tom 50, Ne2, 2023

Herald of Daghestan State Technical University. Technical Sciences. Vol.50, No.2, 2023
http://vestnik.dgtu.ru/ ISSN (Print) 2073-6185 ISSN (On-line) 2542-095X

0PN

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Kaziev A. M., Oscillations of Homogeneous and Continuum-Discrete Beams under Vector Harmonic and
Random Perturbations,Cand. cand. tech. Sciences: 05.23.17 Nalchik, 2005; 130. RSL OD, 61:05-5/3003. (In
Russ)

Kulterbaev Kh.P. Kinematically excited vibrations of a continuous-discrete multi-span beam. Bulletin of the
Nizhny NovgorodUniversity. N.I. Lobachevsky. Proceedings of the X All-Russian Congress on Fundamental
Problems of Theoretical andApplied Mechanics. 2011; 4 (2): 198-200. (In Russ)

Timoshenko S.P. Fluctuations in engineering. M.: Nauka. 1967; 444. (In Russ)

Verzhbitsky V.M. Fundamentals of numerical methods. M.: Higher school; 2002; 840. (In Russ)

Clough Z., Penzien J. Dynamics of structures. M.: Stroyizdat. 1979; 320. (In Russ)

I.V. Kudinov, V.A. Kudinov. Mathematical simulation of the locally nonequilibrium heat transfer in a body
with account for its nonlocality in space and time. Journal of Engineering Physics and Thermophysics. 2015;
88(2):4006-422.

Amabili M. Nonlinear Vibrations and Stability of Shells and Plates. Cambridge University Press, New York,
USA. 2008.

Refined beam elements with arbitrary cross-section geometries. E. Carrera, G. Giunta, P. Nali [and others].
Computers and Structures. 2010;88(5-6): 283-293.

Elishakoff I. Eigenvalues of Inhomogeneous Structures: Unusual Closed-form Solutions. Boca Raton, FL:
CRC Press, 2005.

Hsu J.C., Lai H.Y., Chen C.K. Free vibration of non-uniform Euler Bernoulli beams with general elastically
end constraintsusing Adomian modified decomposition method. Journal of Sound and Vibration. 2008;318:
965-981.

Free vibration behavior of exponentially functionally graded beams with varying cross-section. A.A Haasen,
T. Abdelouahed,A.M. Sid [and others.] Journal of Vibration and Control. 2011;17(2):311-318.

Maurini C., Pofiri M., Pouget J. Numerical methods for modal analysis of stepped piezoelectric beams.
Journal of ound andVibration. 2006; 298(4-5): 918-933.

Zheng T. X., Ji T. J. Equivalent representations of beams with periodically variable crosssections. Engineering
Structures.2011; 33( 3): 706-719.

Tejada A. A Mode-Shape-Based Fault Detection Methodology for Cantilever Beams: Tech. Rep.: CR-2009-
215721: NASA,2009.

Alshorbagy A. E., Eltaher M. A., Mahmoud F. F. Free vibration characteristics of a functionally graded beam
by finite element method. Applied Mathematical Modelling. 2011; 35(1): 412-425.

Huang Y., Li X. F. A new approach for free vibration of axially functionally graded beams with non-uniform
cross-section. Journal of Sound and Vibration. 2010; 329(11): 2291-2303.

Mohanty S.C., Dash R.R., Rout T. Free vibration of a functionally graded rotating Timoshenko beam using
FEM. International Journal of Advanced Structural Engineering. 2013;16(2): 405-418.

Ke L.L., Yang J., Kitipornchai S. An analytical study on the nonlinear vibration of functionally graded beams.
Meccanica. 2010; 45(6): 743-752.

Simsek M., Cansiz S. Dynamics of elastically connected doublefunctionally graded beam systems with
different boundary conditions under action of a moving harmonic load. Composite Structures. 2012;
94(9):2861-2878.

Caenenust 00 aBTopax:

KasueB Acnan Myra3oBudY, KaHANAAT TEXHUYECKUX HAYK, TOLEHT KadeIpbl CTPOUTEIbHBIX KOHCTPYKLHUH 1

mexanuky; 5.kaziev1969@mail.ru

Kummt Unap U6paxum, actiupanT; Edar.kasht@ gmail.com

Kunos Acremup Myxamenosud, Maructpant; Zhinov.azretali@bk.ru

Kapuaes Kanmay Myparosud, maructpant; kanshau.karchaev@mail.ru

BepbexoB Acremup AXmMen0BUY, MarucTpanT; berbekov99@gmail.com

Information about the authors:

Aslan M. Kaziev, Cand. Sci. (Eng.), Assoc. Prof., Department of Building Structures and Mechanics;

kaziev1969@gmail.

Idar I. Kishit, Graduate Student; Edar.kasht@ gmail.com

Astemir M. Zhinov, Master’s Student; Zhinov.azretali@bk.ru

Kanshau M. Karchaev, Master’s Student; kanshau.karchaev@mail.ru

Astemir A. Berbekov, Master’s Student; berbekov99@gmail.com

Konduaukr nnrepecos/Conflict of interest.

ABTOpBI 3291BJISIIOT 00 oTcyTcTBHH KOoH(punKTa HHTepecoB/The authors declare no conflict of interest.
Mocrymuiaa B penakumio/ Received 11. 05.2022.

Onodpena nocie penensupoanus / Reviced 29.05.2023.

Ipunsra B neuatsb /Accepted for publication 29.05.2023.

176



